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1 Introduction
The differential-difference operators
Di = ∂xi +
∑
α∈R+
gααi
(α, x)
(1− sα) (1.1)
were introduced by Dunkl in [1] in the context of study of so called Dunkl-harmonic and
multivariable orthogonal polynomials. Here R+ is a positive half of a Coxeter root system
R, and sα are the corresponding orthogonal reflections from the associated Coxeter group
W , α = (α1, . . . , αN ). In the case of R = AN−1 they take the form of the permutation
operators sij which act on the space of functions as follows:
(sijψ)(x1, . . . , xi, . . . , xj , . . . xN ) = ψ(x1, . . . , xj , . . . , xi, . . . xN ).
The function g(α) = gα is W -invariant so in the case of type AN−1 it is an arbitrary
complex constant. The operators Di may be considered as g-dependent deformations of
the partial differentiation operators ∂i = ∂xi .
These operators play a key role in the theory of celebrated Calogero-Moser model [2, 3]
(see also the reviews [4–6]). In particular, a complete set of quantum integrals can be
described in terms of Dunkl operators [7]. Modifications of the operators (1.1) were used
in [8, 9] to define creation-annihilation operators and quantum integrals for the rational
Calogero-Moser model in the harmonic confinement.
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The operators Di together with the multiplication operators xi and the group algebra
CW with their standard action generate rational Cherednik algebra Hg(W ) [10]. We also
refer to the books [11, 12] for the rich theory of Cherednik algebras and their connections
to other areas.
In this paper we are concerned with the deformation of the quantum angular momen-
tum generators, constructed by means of the Dunkl operators:
Mij = xiDj − xjDi. (1.2)
Our motivation still comes from Calogero-Moser systems, and, more specifically, angular
part of the rational quantum Calogero-Moser Hamiltonian. This system plays a role in the
original Calogero’s work [2, 3], and it has been studied more recently in a number of papers
both in the classical [13–17] and quantum [18, 19] cases. Thus the angular Hamiltonian is
shown to define a superintegrable system on N − 1 dimensional hypersphere ([14–17], see
also [20]), and a way to represent conserved charges was developed in [13]. We note that
identifying Liouville charges is still an open problem. The operators (1.2) were already used
in [18] as building blocks for the intertwining operators between the angular Hamiltonians
with coupling constants different by an integer.
In this paper we firstly deal with the subalgebra of the rational Cherednik algebra of
type AN−1 generated by the elements Mij and by the permutations sij . A close algebra
already appeared in the work of V. Kuznetsov [21] in connection with the Calogero-Moser
system. We explain that the angular Calogero-Moser Hamiltonian can be realised as an
element in this algebra. Furthermore, we show that it generates the centre of the algebra.
This operator can be considered as a deformation of the usual quadratic Casimir invariant
of so(N), which corresponds to the angular momentum square.
We also describe all the relations which generators Mij satisfy. The commutation re-
lations are simple extensions of the usual so(N) relations with metrics replaced by pairwise
particle permutations. There are additional “crossing” relations which are quadratic in the
generators too. We describe a basis in this algebra and show that it is a non-homogeneous
quadratic algebra of Poincare´-Birkhoff-Witt (PBW) type in the sense of [22] (see also [23–
26]). These results are generalised for any Coxeter root system R in the final section.
We also consider the gl(N) version of the subalgebra of the rational Cherednik algebra
which is generated by the elements xkDl rather than their combinations Mkl, and by the
group algebra. A closely related algebra in type AN−1 was considered in [27]. We describe
relations in this algebra too and it gives another example of a non-homogeneous quadratic
algebra of PBW type.
2 Angular Calogero-Moser Hamiltonian
We will work with the gauged Dunkl operators defined by
∇i = ∂i −
N∑
j=1
j 6=i
g
xi − xj sij . (2.1)
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They correspond to (1.1) via the transformation ψ →∏i<j(xi−xj)gψ of the wavefunctions.
Applying them instead of usual momenta operators for the free-particle system, we arrive
at the modified Hamiltonian [6]
H = −1
2
N∑
i=1
∇2i = −
1
2
N∑
i=1
∂2i +
∑
i<j
g(g − sij)
(xi − xj)2 . (2.2)
Let now Res(A) ≡ Res+(A) be the restriction of an SN -invariant operator A to the space
of symmetric functions, and let Res−(A) be its restriction to the antisymmetric func-
tions. Then
Res±H = H±, (2.3)
where H± is the Calogero-Moser Hamiltonian [7]:
H± = −1
2
N∑
i=1
∂2i +
∑
i<j
g(g ∓ 1)
(xi − xj)2 . (2.4)
Apart from g = 0 case, when the algebra generated by ∇i, xj reduces to the Heisenberg
algebra, the algebra formed by the coordinates and Dunkl operators for g 6= 0 is not closed:
[∇i, xj ] = Sij , [∇i,∇j ] = 0, [xi, xj ] = 0, (2.5)
where for the later convenience the pairwise permutation operators are rescaled and the
new notation Sij is introduced:
Sij =
{
−gsij , for i 6= j,
1 + g
∑
k 6=i sik = 1−
∑
k 6=i Sik, for i = j.
(2.6)
Introduce spherical coordinates and let HΩ, HΩ,± be the corresponding angular
Calogero-Moser Hamiltonians obtained by the separation of radial and angular variables:
H = −∂
2
r
2
− N − 1
2r
∂r +
HΩ
r2
, (2.7)
H± = −∂
2
r
2
− N − 1
2r
∂r +
HΩ,±
r2
. (2.8)
Define Dunkl angular momentum operators
Mkl = xk∇l − xl∇k. (2.9)
It appears that the operators Mkl allow to express the angular Hamiltonian in analogy
with the formula (2.3) for the usual Calogero-Moser Hamiltonian.
Proposition 1. The angular Hamiltonians can be obtained as
HΩ = −1
2
M2 +
1
2
S(S −N + 2), (2.10)
HΩ,± = Res±HΩ = −1
2
M2 + γ±, γ± = gN(N − 1)gN(N − 1)± 2(N − 2)
8
, (2.11)
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where we define the Dunkl angular momentum square and the symmetric group algebra
invariant operators, respectively, as
M2 =
∑
i<j
M2ij , (2.12)
S =
∑
i<j
Sij . (2.13)
Proof. The proposition is a consequence of the following relation
M2 = x2∇2 − (x ·∇)2 + (2S −N + 2)(x ·∇), (2.14)
where we use the usual vector and scalar product notations.
Indeed, using x2 = r2 and substituting
x ·∇ = x · ∂ + S = r∂r + S
into (2.14), we obtain
M2 = r2∇2 − r2∂2r − (N − 1)r∂r + S(S −N + 2).
This relation together with (2.13) and (2.7) proves the desired expression (2.10) for the
spherical Hamiltonian. Its restriction for bosons (fermions) (2.11), corresponding to the
pure Calogero model, is obtained from
Res± S = ∓ gN(N − 1)
2
.
In order to complete the proof, we have to justify the relation (2.14). Substituting (2.9)
into (2.12) and using the commutation relations (2.5), we have:
M2 =
∑
k,l
(xk∇lxk∇l − xl∇kxk∇l)
= x2∇2 − (x ·∇)2 +
∑
k,l
(xkSkl∇l + Sklxk∇l − Skkxl∇l)
= x2∇2 − (x ·∇)2 + (2S −N)(x ·∇) +
∑
k,l
(xkSkl + Sklxk)∇l.
(2.15)
The last term can be simplified further by rewriting the definition (2.6) of Sij in the
generating function form ∑
k
Slkxk = xl +
∑
k 6=l
Slk(xk − xl). (2.16)
Its application leads to the following identity:∑
k
{Slk, xk} = 2xl +
∑
k 6=l
{Slk, xl − xk} = 2xl. (2.17)
By substituting (2.17) into (2.15) we get the desired expression (2.14). This completes the
proof.
We mention that a related statement in the case of Dunkl operators associated with
the group ZN2 is contained in [28, 29].
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3 Dunkl angular momenta algebra
Recall that the creation-annihilation operators a+i , a
−
i ≡ ai for the Calogero-Moser rational
model in the harmonic confinement [8, 9] are given by
a±i =
√
2
2
(xi ∓∇i). (3.1)
They satisfy the relations
[ai, a
+
j ] = Sij , [ai, aj ] = [a
+
i , a
+
j ] = 0 (3.2)
and are hermitian conjugate to each other. This coincides with the relations (2.5) for the
operators xi,∇j via the correspondence
a+i ↔ xi, ai ↔ ∇i. (3.3)
The commutation relations between creation-annihilation operators and group elements
have the form
Sija
±
i = a
±
j Sij , [Sij , a
±
k ] = 0 with i 6= j 6= k 6= i. (3.4)
Recall also that
SijSik = SjkSij , [Sij , Skl] = 0, S
2
ij = g
2, Sij = Sji, (3.5)
where differently denoted indexes are assumed again to have different values, and it fol-
lows that
SijSjj = SiiSij , [Sij , Skk] = 0. (3.6)
The deformed angular momentum generators (2.9) are expressed in terms of the de-
formed creation-annihilation operators (3.1) as
Mkl = a
+
k al − a+l ak. (3.7)
They inherit the standard (anti-)commutation relations with the permutations operators:
[Sij ,Mkl] = 0, {Sij ,Mij} = 0, SijMik =MjkSij , (3.8)
provided that differently denoted indexes have different values.
When the deformation parameter g vanishes, (3.7) corresponds to the standard repre-
sentation of the generators of the algebra so(N) in terms of bosonic creation-annihilation
operators or vector fields. In this case, the corresponding operators M0ij satisfy the well
known commutation relation
[M0ij ,M
0
kl] =M
0
ilδjk +M
0
jkδil −M0ikδlj −M0jlδik. (3.9)
For nontrivial values of the deformation parameter, these generators, like a±i themselves, do
not form a Lie algebra any more, since their commutators include the coefficients dependent
on the permutation operators.
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We are interested in the Dunkl angular momenta algebra H
so(N)
g which is generated
by the operators Mkl and by the group algebra CSN . It can be considered as a subalgebra
of the rational Cherednik algebra Hg(SN ) via the homomorphism which maps generators
Mkl → xkDl − xlDk.
To get the commutators between the operators Mij , one just replaces the Euclidean
metric δij in (3.9) by the permutation operator Sij . This matches the deformation rules
in the commutators given by (2.5) or (3.2). More precisely, the following statement takes
place whose version in another gauge is contained in [21] (section 8, arXiv version only).
Proposition 2. (cf. [21]) Operators (3.7) satisfy the following commutation relations:
[Mij ,Mkl] =MilSjk +MjkSil −MikSlj −MjlSik, (3.10)
where 1 ≤ i, j, k, l ≤ N .
Proof. In order to prove (3.10), firstly, we verify the commutators
[a+i aj , a
+
k al] = a
+
i Sjkal − a+k Silaj ,
which is a simple consequence of the relations (3.2). Then using them together with the
definition (3.7), we get
[Mij ,Mkl] = asym
[ij],[kl]
(a+i Sjkal − a+k Silaj) = asym
[ij],[kl]
(a+i Sjkal − a+l Sjkai), (3.11)
where in order to shorten the formulae, we introduce the operator, which antisymmetrizes
over the pairs of indexes included in square brackets:
asym
[ij]
Aij := Aij −Aji. (3.12)
The simplest case is when the values of all four indices differ. Then permutation
operators commute with the annihilation-creation operators in all terms, and we arrive at
the desired commutation relation (3.10).
It remains to consider the less trivial case when only three indexes differ. It is sufficient
to check k = j case only. Then (3.11) acquires the following form:
[Mij ,Mjl] = asym
[ij],[jl]
(a+i Sjjal − a+l Sjjai)
= a+i Sjjal − a+j Sijal − a+i Sjlaj − a+l Sjjai + a+l Sijaj + a+j Sjlai
(3.13)
Then moving permutations to the right in order to get the desirable result, the additional
commutators appear in contrast to the previous case. However, such unwanted terms
are canceled out. Indeed, the only nontrivial commutations between permutations and
creation-annihilation operators are given by
[Sjj , a
±
i ] = [Sij , a
±
j ] = (a
±
i − a±j )Sij , (3.14)
[Sjj , a
±
j ] =
∑
k 6=j
(a±j − a±k )Skj , (3.15)
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as can be deduced from the definition (2.6). Due to (3.14), the appeared commutators
eliminate each other:
a+i ([Sjj , al]− [Sjl, aj ])− a+l ([Sjj , ai]− [Sij , aj ]) = 0.
Therefore, the commutation relation (3.10) holds for arbitrary index values, and we have
finished its proof.
The relation (3.10) is reduced to the usual commutation (3.9) for so(N) generators in
the nondeformed limit g = 0.
The order of operators Sij and Mkl in the right-hand side of the equation (3.10) must
be respected in general. Using the relations (3.8), some permutations in the right-hand
side of the commutator (3.10) can be moved to the left of the Dunkl angular momenta
generators. In particular, if all the indexes differ then the operators commute but, in
general case, the obtained in this way relations will be more complicate. However, it is
easy to verify that all permutations can be moved to the left simultaneously:
[Mij ,Mkl] = SjkMil + SilMjk − SljMik − SikMjl. (3.16)
The above relation follows also from the invariance of the subalgebra H
so(N)
g under the
Hermitian conjugation,
M+ij = −Mij , S+ij = Sij , (3.17)
which is inherited from the bigger algebra Hg(SN ).
We also note the equivariance of the relations (3.10), (3.16) under the symmetric group
action. It is easy to verify using the relations (3.8), (3.5), and (3.6) that any permutation
σ ∈ SN , when acting on the commutator (3.10), just permutes all its indexes: i→ σ(i).
4 Crossing relation and PBW property
Let us establish another quadratic relation, which the generators of the deformed angular
momentum algebra H
so(N)
g satisfy. We call it the crossing relation.
Proposition 3. The deformed angular momentum operators (3.7) satisfy the following
crossing relations:
MijMkl +MjkMil +MkiMjl =MijSkl +MjkSil +MkiSjl, (4.1)
where 1 ≤ i, j, k, l ≤ N .
Proof. Note that in both sides of the relation (4.1) the sum is taken over the cyclic permu-
tations of the first three indexes i, j, k, so that it can be rewritten as
cyclic
(ijk)
MijMkl = cyclic
(ijk)
MijSkl, (4.2)
where for convenience the cyclic permutation sum operator is introduced:
cyclic
(ijk)
Aijk := Aijk +Ajki +Akij . (4.3)
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Note that the right-hand side of the equality (4.1) contains the terms, which appear also
in the right-hand side of the commutation relation (3.10). It is easy to verify that if the
values of any two of the indexes i, j, k, l coincide, then the relation (4.1) either reduces
to the commutation relation, or its both side vanish trivially. Therefore, it is enough to
consider the case when the values of all four indexes differ.
Define the usual normal order N () with the creation operators placed on the left hand
side and annihilation operators on the right. For instance, N (a+i aja+k al) = a+i a+k ajal.
The operators commute under the normal order: N ([Mij ,Mkl]) = 0. Since the classical
momenta obey the crossing relations, the same relation holds also for the normal order:
N (MijMkl +MjkMil +MkiMjl) = 0. (4.4)
Using the definition (3.7), one can express each product in terms of the normal order as
MijMkl = N (MijMkl) + asym
[ij][kl]
a+i alSjk.
Therefore, the right hand side of the crossing relation equals
MijMkl +MjkMil +MkiMjl = a
+
i alSjk + a
+
j akSil − a+j alSik − a+i akSjl
= a+j alSki + a
+
k aiSjl − a+k alSji − a+j aiSkl
= a+k alSij + a
+
i ajSkl − a+i alSkj − a+k ajSil
Canceling out and grouping together similar terms, we arrive at the desired expression (4.1).
Note that all the permutation operators in the right-hand side of the crossing relations
can be moved in front of the angular momentum operators:
cyclic
(ijk)
MijMkl = cyclic
(ijk)
SklMij . (4.5)
In the the case of two equal indexes the relations (4.2) and (4.5) are reduced to the com-
mutation relations (3.10) and (3.16) respectively, whose equivalence is already established.
Applying the hermitian conjugate to the crossing relations (4.1) and using (3.17), we
obtain the equivalent relations
cyclic
(ijk)
MliMjk = cyclic
(ijk)
SliMjk = cyclic
(ijk)
MijSkl = cyclic
(ijk)
MijMkl. (4.6)
Like for the commutators, the system of crossing relations (4.6) is invariant with respect
to the permutation group.
The sum of the equations (4.2) and (4.5) gives rise to a simpler crossing relation written
in terms of anticommutators with vanishing right-hand side:
cyclic
(ijk)
{Mij ,Mkl} = 0. (4.7)
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b bMij =
i j
Sij =
i j
b b
Figure 1. Graphical representation for the deformed angular momentum and permutation opera-
tors.
b b
b b
i
j
k
l
b b
b b
i
j
k
l
b b
b b
i
j
k
l
b b
b b
i
j
k
l
b b
b b
i
j
k
l
b b
b b
i
j
k
l
+ − = + −
b b b b
i j l k
b b b b
i j l k
b b b b
i j l k
= + +
+ [ first-order terms in Mij ]
Figure 2. Graphical representation of the crossing relations (4.1). Each term is a products of two
operators from figure 1, with one with index l positioned on the right. The change of the operator
order affects the right-hand side of the first equality only, and it is not essential for the second
equality.
This is the analogue of the crossing relations in quantum case, which possesses the
same symmetry as the classical one. Its direct consequence is the vanishing of antisym-
metrized product
asym
[ijkl]
MijMkl = 0. (4.8)
For even values of N , this results in vanishing of the Pfaffian∑
i1...iN
εi1...iNMi1i2Mi3i4 . . .MiN−1iN = 0, (4.9)
which corresponds to a peculiar Casimir elements of so(N) Lie algebra. Here εi1...iN is the
Levi-Civita anti-symmetric tensor.
The crossing relation has a clear graphical interpretation. We represent the Dunkl
angular momentum tensor Mij by an arrow with tensor indexes at endpoints as shown on
figure 1.
The permutation operator Sij is depicted by a dashed bond. Then the figure 2 describes
schematically the crossing relation (4.1). Each of six terms from the fist equation is a
product of two operators taken in a certain quantum order: the operator, containing the
index l is positioned on the right side. The ordering is not essential when we omit the
first-order terms in momenta, as shown in the second equation on the figure.
Now we are going to show that all other relations in the algebra H
so(N)
g follow from
the ones already established. Let us consider an abstract associative algebra A over C
generated by elements Mij and by the symmetric group algebra CSN such that the rela-
tions (3.8), (3.10), (4.1) are imposed, as well as Mji = −Mij . We are interested in a linear
basis of this algebra.
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M212M14M23M
3
24M34 =
b
1
b
2
b
3
b
4
Figure 3. Graphical representation of a sample monomial, which does not contain intersecting
angular momentum bonds.
Consider the monomials composed from deformed angular momenta and pairwise per-
mutations. Then using the commutation relations (3.8), the permutations can be moved
to the right giving rise to
Mn1i1j1 . . .M
nk
ikjk
σ with is < js, ns > 0, k ≥ 0, σ ∈ SN . (4.10)
The induction on n =
∑k
s=1 ns and the commutation relation (3.10) ensure a rearrangement
of the elements Misjs in (4.10) according to some predefined order. Thus we choose the
indexes to be ordered first by the values of is, then, if they equal, by the values of js:
i1 ≤ . . . ≤ ik, and is = is+1 ⇒ js < js+1. (4.11)
However, the ordered monomials are still not lineally independent. There is an additional
restriction imposed by the crossing relations (4.1), which survives in the classical case too
and can be easily formulated using the graphical representation.
Let us mark points 1, 2, . . . , N on the real line and connect the pairs (is, js) by ns
directed semicircles in the upper half-plane. We get in this way the graphical representation
of the angular momentum part of the monomial (4.10), see an example on figure 3. Then
the crossing bonds can be untangled by successive application of the crossing relation,
which is represented on figure 2. Therefore, we arrive at the set of monomials, which do
not have intersecting semicircles, that is they satisfy the condition
is < is′ < js ⇒ js′ ≤ js. (4.12)
Let V be a vector space of dimension N with the basis e1, . . . , eN . Let Λ
2V be the
second exterior power of V . Consider the tensor algebra T (Λ2V ) and its smash product
with the symmetric group algebra CSN where group elements act on V and hence on
Λ2V by permuting the basis elements. We view operators Mij as elements of this smash
product T (Λ2V )#CSN via the mapping Mij → (ei ⊗ ej − ej ⊗ ei)e, where e ∈ SN is the
identity element.
Theorem 4. The deformation H
so(N)
g is an associative algebra over C which is the quotient
of the algebra T (Λ2V )#CSN over the relations (3.10), (4.1). The set of monomials (4.10)
with the restrictions (4.11), (4.12) gives a basis of the algebra H
so(N)
g for any g ∈ C.
– 10 –
J
H
E
P
1
1
(
2
0
1
5
)
1
0
7
Proof. It is easy to see in the representation (2.9) that monomials (4.10) with the restric-
tions (4.11) and (4.12), are linearly independent for g = 0. Moreover their classical version,
when Mij is replaced with the classical angular momenta
M clij = xipj − xjpi, (4.13)
are linearly independent too (see e.g. [13]). By taking the highest symbols, considered as
elements of the smash product algebra C[x, p] #SN , it follows that these monomials are
linearly independent for any g.
Theorem 4 and its proof show thatH
so(N)
g is a flat family of nonhomogeneous quadratic
algebras over CSN of Poincare´-Birkhoff-Witt type in the terminology of [22] (see also [10,
23–26]).
Note that the constructed non-intersection monomial basis is similar to the well-known
overcomplete valence-bond basis among the singlet states for usual quantum spins, intro-
duced by Temperley and Lieb and subjecting to the similar crossing relations (with the
trivial right-hand side) [30].
5 The centre
Consider the square of the Dunkl angular momentum operator M2 given by (2.12), which
is an analogue of the second order Casimir element of the usual so(N) algebra. Evidently,
it is invariant with respect to the permutations Sij . However, it commutes with all the
elements Mij only in the limit g = 0. In order to obtain a true central element, the
operator (2.12) must be supplemented by an element from the symmetric group algebra.
Such an operator appeared in [21]. We show that this operator generates the whole centre.
Based on Proposition 1 this element can be identified with the angular Calogero-Moser
Hamiltonian.
Theorem 5. The angular Hamiltonian (2.10) is invariant with respect to the algebra
H
so(N)
g , that is it belongs to its centre Z:
[HΩ,Mij ] = 0, [HΩ, Sij ] = 0. (5.1)
Furthermore, Z is generated by HΩ and constants.
Proof. The second equation in (5.1) reflects the fact that S lies in the center of the sym-
metric group algebra: [S, Sij ] = 0.
First we prove that the original Hamiltonian is invariant with respect to the algebra
H
so(N)
g . Since its invariance with respect to the particle permutations is evident, it remains
to verify
[H,Mij ] = [∇
2,Mij ] = 0. (5.2)
Indeed, as is argued in the proof of Proposition 1, the relation (2.17) remains valid upon
the substitution xi → ∇i: ∑
k
{Sik,∇k} = 2∇i.
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As a consequence, we obtain the relation (5.2) using also the commutations (2.5):
[∇2,Mij ] = asym
[ij]
∑
k
[∇2k, xi∇j ] = asym
[ij]
∑
k
{Sik∇j ,∇k} = 2asym
[ij]
∇i∇j = 0, (5.3)
where we have used the index antisymmetrization (3.12) for the convenience.
Then we note that the Dunkl angular momentum operators (2.9), (2.1) depend on
angular coordinates only. This becomes evident after the application of the involutive
antiautomorphism of the Cherednik algebra with the mutual exchange of xi and ∇i, to the
equation (5.2):
[x2,Mij ] = [r
2,Mij ] = 0. (5.4)
Together with (5.2) and the expression of the Hamiltonian in spherical coordinates (2.7),
it implies that the angular Hamiltonian (2.2) preserves the Dunkl angular momentum, i.e.
the first relation in (5.1).
Consider now an arbitrary element B ∈ Z. Let B0 ∈ C[x, p] #SN be its highest
symbol Sym(B) in the smash product algebra of polynomials in coordinates x1, . . . , xN
and momenta p1, . . . , pN , and the symmetric group. Let d ≥ 0 be its degree in x or p
variables. Note that B0 does not contain non-trivial group elements. Indeed, consider the
decomposition of B with regard to the basis as in Theorem 4. Suppose that a term with
σ ∈ SN , σ 6= 1 arises in the highest degree. By taking Mij such that σ(Mij) 6= Mij we
get that
degSym[B,Mij ] = d+ 1,
so the commutator cannot be zero.
Consider now the commutator [B,Mij ] for an arbitrary Mij . Note that the terms in
its symbol of degree d, which do not contain non-trivial group elements, coincide with the
classical Poisson commutator of B0 and the usual classical angular momentum (4.13), which
is zero. The Poisson centre of the algebra generated by the classical angular momenta M clij
is generated by
∑
i<j(M
cl
ij )
2 (this can be derived, for instance, from the results of [32]).
The rest follows by subtracting the corresponding power of HΩ from B and by inductive
reducing the degree of B.
6 Example: deformation of so(3) algebra
Consider now the simplest case of the H
so(3)
g algebra, which describes a deformation of the
usual three-dimensional quantum angular momentum operators. Define
M1 =M23, M2 =M31, M3 =M12, (6.1)
S1 = S23, S2 = S31, S3 = S12. (6.2)
Then the commutation relations (3.5) and (3.8) between the generators take the form
S1S2 = S3S1, S
2
1 = g
2, (6.3)
{S1,M1} = 0, S1M2 = −M3S1, S1M3 = −M2S1 (6.4)
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and their cyclic permutations.
The commutation relations (3.10) are equivalent to
[M1,M2] = −M3 + (M3 −M2)S1 + (M3 −M1)S2
and other relations are obtained by the cyclic permutations of three indexes. They can be
rewritten in a more symmetric form,
[M1,M2] = −M3 + {M3, S1 + S2}.
The Casimir element, which is proportional to the angular Hamiltonian, has the fol-
lowing form in terms of introduced operators:
HΩ ∼M12 +M22 +M32 − S(S − 1), S = S1 + S2 + S3.
It extends the spin square operator.
Note that for so(3) case the crossing relations are either trivial or reduce to the com-
mutation relations.
7 gl(N) case
The algebra H
so(N)
g can be included into a bigger subalgebra H
gl(N)
g of the rational Chered-
nik algebra. We define it to be generated by the operators
Ekl = a
+
k al (7.1)
and by the group algebra CSN (1 ≤ k, l ≤ N). The operators can be considered acting on
meromorphic functions. We also have Mkl = Ekl − Elk.
The algebra can be realised as a subalgebra of the rational Cherednik algebra Hg(SN )
via a conjugation which maps ∇k → Dk. Further, there are more general but equivalent
choices of the generators E˜kl = (αxk+β∇k)(γxl+δ∇l), where parameters α, β, γ, δ are such
that αδ−βγ 6= 0. They define isomorphic algebras. Indeed, the operators αxk+β∇k with
different indecies k pairwise commute. Therefore these generators correspond to different
choices of generators of the rational Cherednik algebra. In particular, the algebra H
gl(N)
g is
isomorphic to the subalgebra of the rational Cherednik algebra Hg(SN ) which is generated
by the elements xkDl and by the group algebra CSN .
Generators Ekl obey the standard commutation relations with the permutation oper-
ators:
[Sij , Ekl] = 0, SijEij = EjiSij , SijEik = EjkSij , SijEki = EkjSij , (7.2)
where all indexes are pairwise different.
As in the case of the usual gl(N), the rising and lowering generators are Hermitian
conjugate of each other:
E+ij = Eji, S
+
ij = Sij . (7.3)
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We start from the analogue of the crossing relation (4.1), which in this case takes the
following form:
EijEkl − EilEkj = EilSkj − EijSkl. (7.4)
For different values of i, j, k this relation follows immediately from (7.1) and (3.2), (3.4).
The nontrivial case is when j = k 6= l, for which we have:
EijEkl − EilEkj = a+i Sjjal − a+i Sljaj = EilSjj + (Eil − Eij)Slj − EilSlj
= EilSjj − EijSlj ,
where in the second equality above the relation (3.14) was applied.
Taking the Hermitian conjugate of (7.4), we get an equivalent relation, with antisym-
metrization over the first indexes of Eij generators. Both relations can be written down in
the following compact form:
asym
[jl]
Eij(Ekl + Skl) = asym
[ik]
(Eij + Sij)Ekl = 0. (7.5)
Their combination with suitably chosen indexes results in the commutation relation among
the deformed gl(N) generators
[Eij , Ekl] = EilSjk − SilEkj + [Skl, Eij ], (7.6)
which holds for any index values. Its antisymmetrisation over i, j and k, l immediately
gives the commutation relations (3.10) for deformed angular momenta. When all indexes
differ, the commutator in the right-hand side of (7.6) disappears, and we arrive at a natural
extension of gl(N) commutation relations with metrics tensor δij replaced by the pairwise
permutation operator Sij , as for the so(N) case considered above. Some other commuta-
tion relations are less straightfowrward. Below we write down all particular cases of the
commutation relation (7.6) provided that the values of all four indexes differ pairwise.
[Eij , Ekl] = EilSjk − EkjSil, [Eii, Ekl] = EilSik − EklSil,
[Eii, Ejj ] = (Eii − Ejj)Sij , [Eij , Ejl] = EilSjj + (Eil − Eij)Sjl − EjjSil,
[Eii, Eij ] = EijSii − EiiSij , [Eij , Ekj ] = EikSjk − EkiSij , (7.7)
[Eij , Eji] = EiiSjj − EjjSii + (Eii − Ejj − Eij + Eji)Sij ,
and the equalities from the third line in (7.7) must also be supplemented by their conjugate
relations. As for H
so(N)
g case, considered above, any monomial in Eij and Sij can be
expressed in the following form by moving all permutations to the right hand side:
En1i1j1 . . . E
nk
ikjk
σ, σ ∈ SN , (7.8)
where k ≥ 0, n1, . . . , nk > 0. Due to relations (7.4)–(7.6), any such monomial can be
linearly expressed in terms of the monomials, where both index sets {is} and {js} are
ordered in some way, for example
i1 ≤ . . . ≤ ik and j1 ≤ . . . ≤ jk. (7.9)
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Using the Wicks’s theorem, one can decompose (7.8) as was described in section 4.
In the example below, only the highest-order term in this normal ordering decomposition
is shown
En111E
n2
12E
n3
22E
n4
32E
n5
33E
n6
34 = (a
+
1 )
n1+n2(a+2 )
n3(a+3 )
n4+n5+n6an11 a
n2+n3+n4
2 a
n5
3 a
n6
4 + . . . .
Here the lower-order terms in a±i are indicated by the dots.
The monomials (7.8) with the restriction (7.9) are linearly independent, since it is easy
to see that there is a one-to-one correspondence between them and their “highest symbols”
a+n1i1 . . . a
+nk
ik
an1j1 . . . a
nk
jk
,
and because of the PBW theorem for the rational Cherednik algebra [10].
Let V be a vector space of dimension N with the basis e1, . . . , eN . Consider the tensor
algebra T (V ⊗ V ) and its smash product with the symmetric group algebra CSN where
group elements act on V and hence on V ⊗ V by permuting the basis elements. We
view operators Eij as elements of this smash product T (V ⊗ V )#CSN via the mapping
Eij → (ei ⊗ ej)e, where e ∈ SN is the identity element.
Similarly to the case of H
so(N)
g we have the following statement which implies
that H
gl(N)
g is a flat family of nonhomogeneous quadratic algebras of Poincare´-Birkhoff-
Witt type.
Theorem 6. The deformation H
gl(N)
g is an associative algebra over C which is the quotient
of the algebra T (V ⊗ V )#CSN over the relations (7.5). The set of monomials (7.8) with
the restriction (7.9) gives a basis of the algebra H
gl(N)
g for any g ∈ C.
From the commutation relations (7.6) it is easy to deduce that the element
ρ =
∑
i
Eii − S =
∑
i
a+i ai − S, (7.10)
S =
∑
i<j Sij , commutes with the entire algebra H
gl(N)
g . It describes the Calogero Hamilto-
nian (2.11) in confined oscillator potential [2, 3], which can be seen from (2.2) and (3.1) [9]:
ρ = H +
1
2
x2 − N
2
,
Res±ρ = H± +
1
2
x2 − N
2
.
(7.11)
Therefore, the algebra H
gl(N)
g describes the invariants of the Calogero-Moser Hamiltonian
1
2
N∑
i=1
(−∂2i + x2i ) +
∑
i<j
g(g − sij)
(xi − xj)2 ,
extended out of the space of identical particles.
Finally we note that ρ and constants generate the centre of H
gl(N)
g . This follows from
the following lemma similarly to the proof of Theorem 5.
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Lemma 1. Consider the classical Poisson algebra generated by Eclij = xipj (1 ≤ i, j ≤ N)
with the standard Poisson bracket. Then C =
∑N
i=1 xipi generates the centre Z of the
algebra.
Proof. Let f(x, p) ∈ Z. Since the Poisson bracket
{xipj , f} = (xi∂xj − pj∂pi)f = 0 (7.12)
it follows for i = j that f is a function of the variables yi = xipi (1 ≤ i ≤ N). In
these variables, the relation (7.12) implies that (∂yi − ∂yj )f = 0 so that f is a function of
C =
∑
yi as stated.
8 Coxeter groups generalisations
The previous results can be generalised to the case when the symmetric group SN is replaced
with a finite reflection group.
Let R be a Coxeter root system in the Euclidean space V ∼= RN with the inner
product denoted as (·, ·) (see [31]). Let e1, . . . , eN be the standard basis. Denote by sα the
orthogonal reflection with respect to the hyperplane (α, x) = 0:
sαx = x− 2(α, x)
(α, α)
α,
where x =
∑
xiei ∈ V . Let W be the corresponding finite Coxeter group generated by
reflections sα, α ∈ R. Let g : R → C be a W -invariant function, denote gα = g(α).
The Dunkl operators take the form
∇ξ = ∂ξ −
∑
α∈R+
gα(α, ξ)
(α, x)
sα, (8.1)
where ξ ∈ RN , and R+ is a positive half of the root system. Given ξ, η ∈ RN we define the
element Sξη of the group algebra CW by
Sξη = (ξ, η) +
∑
α∈R+
2gα(α, ξ)(α, η)
(α, α)
sα. (8.2)
This element comes from the commutation
[∇ξ, (x, η)] = [∇η, (x, ξ)] = Sξη.
Define the Dunkl angular momentum operator
Mξη = (x, ξ)∇η − (x, η)∇ξ. (8.3)
Note that for any w ∈W and ξ, η ∈ RN the following relations hold:
wMξη =Mw(ξ)w(η)w, Mξη =
∑
i,j
ξiηjMeiej , Mξη = −Mηξ. (8.4)
The Dunkl angular momenta algebra H
so(N)
g (W ) is defined to be generated by the operators
Mξη, and by the group algebra CW . It can be considered as a subalgebra of the rational
Cherednik algebra Hg(W ) via the homomorphism which maps Meiej → xiDj − xjDi.
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Proposition 7. The Dunkl angular momenta satisfy
[Mξη,Mϕψ] = MξψSηϕ +MηϕSξψ −MξϕSηψ −MηψSξϕ, (8.5)
MξηMϕψ +MηϕMξψ +MϕξMηψ = MϕξSηψ +MξηSϕψ +MηϕSξψ (8.6)
for any ξ, η, ϕ, ψ ∈ RN .
The proposition can be checked straightforwardly by making use of the formulas
[Sϕη,∇ψ] = [Sψη,∇φ], [Sϕη, (x, ψ)] = [Sψη, (x, ϕ)].
Similarly to Theorem 4 for W = SN , the algebra Hso(N)g (W ) can be defined as the
quotient of the smash product algebra T (Λ2V )#W . Let the element Mξη correspond to
(x, ξ)⊗(x, η)−(x, η)⊗(x, ξ) ∈ Λ2V . Then the generating relations are given by (8.5), (8.6).
The quotient has the basis given by monomials (4.10), (4.11) as in Theorem 4, where now
σ ∈ W . Thus Hso(N)g (W ) is a flat family of nonhomogeneous quadratic algebras over CW
of Poincare´-Birkhoff-Witt type.
Using the Dunkl operators (8.1), a generalisation of the H
so(N)
g invariant Hamilto-
nian (2.2) can be defined as follows:
H = −1
2
N∑
i=1
∇2ei = −
1
2
N∑
i=1
∂2xi +
∑
α∈R+
gα(gα − sα)
2(α, x)2
. (8.7)
Similarly to the case W = SN considered in section 2, let ResA be the restriction of a
W -invariant element of the algebra H
so(N)
g (W ) to the space of W -invariant functions ψ:
ψ(sαx) = ψ(x) ∀α ∈ R.
Then the Calogero-Moser Hamiltonian for a general Coxeter group W is
H+ = ResH = −1
2
N∑
i=1
∂2xi +
∑
α∈R+
gα(gα − 1)(α, α)
2(α, x)2
. (8.8)
In the Hamiltonians (8.7), (8.8), the radial and angular coordinates are separated giving rise
to the relations (2.7) and (2.8). The angular Hamiltonians HΩ and HΩ,+ can be expressed
in terms of the Dunkl angular momentum operators (8.3).
Proposition 8. The angular Calogero-Moser Hamiltonians (2.7) and (2.8) can be ob-
tained as
HΩ = −1
2
(
M2 − S(S −N + 2)) , (8.9)
HΩ,+ = ResHΩ,
where we define the Dunkl angular momentum square and the symmetric group algebra
invariant operators, respectively, as
M2 =
N∑
i<j
M2eiej , S = −
∑
α∈R+
gαsα.
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Generalisation of Theorem 5 holds for any W and it has the following form.
Theorem 9. The centre Z of the algebra H
so(N)
g (W ) is generated by the angular Hamil-
tonian (8.9) and constants.
The gl(N) version of the algebra H
gl(N)
g (W ) can also be defined for any W as the
algebra generated by
Eηξ = (x, η)∇ξ
and CW , where ξ, η ∈ V and the Dunkl operators are given by (8.1). It can also be
thought as a subalgebra of the rational Cherednik algebra Hg(W ) which is isomorphic to
the quotient of the smash product algebra T (V ⊗ V )#CW over the relations (7.4), (7.6),
where the elements Sij = Seiej ∈ CW are given by (8.2). The set of monomials (7.8), (7.9)
with σ ∈W gives a basis of the algebra for anyW -invariant multiplicity function g, and this
is also a quadratic algebra over CW of PBW type. The centre is generated by constants and
ρ =
N∑
i=1
Eei,ei +
∑
α∈R+
gαsα.
In the representation of the algebra Eξη → E˜ξη = 12((x, ξ) − ∇ξ)((x, η) +∇η) the central
generator takes the form of the Calogero-Moser operator in the harmonic confinement
associated with W :
ρ→ H + 1
2
x2 − N
2
,
where H is given by (8.7).
9 Concluding remarks
The considered algebras H
so(N)
g (W ), H
gl(N)
g (W ) have the form of the quotients of smash
product algebras T (U)#CW , where U = Λ2V or U = V ⊗ V , and V is the reflection
representation of the Coxeter group W . In addition to the commutation relations the
generators satisfy extra quadratic relations. These extra relations are needed in order to
have algebras with the PBW property. It also means that we consider the semidirect
products of the quotients of the corresponding universal enveloping algebras U(so(N)),
U(gl(N)) and W rather than the products of the universal enveloping algebras themselves.
Further, for the associated graded algebras the right-hand sides of the extra quadratic
relations (8.6), (7.4) vanish. Thus we are dealing with Plu¨cker relations and the affine cone
C over the grassmanian of two-planes in the so(N) case and the spaceM of matrices of rank
at most one in the gl(N) case. It might be interesting to study the algebras H
so(N)
g (W ),
H
gl(N)
g (W ) and their representations further, as well as their t = 0 versions in the notation
of [10], in particular, in connection to (Poisson) geometry and singularities of the quotient
of the spaces C, M over the natural action of the Coxeter group W . It would also be
interesting to see whether there are algebras with good properties analogously associated
to some other partial flag varieties or unions of coadjoint orbits.
– 18 –
J
H
E
P
1
1
(
2
0
1
5
)
1
0
7
A sheaf of algebras was associated to varieties with finite group actions in [33]. In the
case of the projective space with the natural action of the Coxeter group W the algebra
of global sections is isomorphic to a quotient of the algebra H
gl(N)
g (W ) over the ideal
generated by a central element [33] (see also [34]). Affinity of this sheaf of algebras was
investigated in [34]. Another interesting question is about the extension of these results to
the algebra H
so(N)
g (W ) and the sheaf of algebras associated with the subspace of isotropic
lines in the projective space.
We also note that integrability of the angular Calogero-Moser systems deserves fur-
ther analysis as, in particular, a complete set of Liouville charges remains unknown. The
problem of Liouville integrability was one of the main motivations for this work and we
hope that the work is a useful step towards its solution. There are a few reasons why the
problem is difficult and remains unsolved which we try to explain (see also [13]). Firstly, in
comparison with the case of the Calogero-Moser systems in the linear space, commutativity
of homogeneous quantum integrals for the latter problem is quite straightforward and can
be derived from the property that the highest term of any quantum integral should be
polynomial [35] .
Secondly, one way to try to establish Liouville integrability for the angular Hamiltonian
HΩ is to consider the natural embedding of the universal enveloping algebras
U(so(2)) ⊂ U(so(3)) ⊂ . . . ⊂ U(so(N)).
This chain immediately gives a complete set of commuting quantum integrals for the
Laplace-Beltrami operator on the sphere which corresponds to g = 0 case. The corre-
sponding operators are the realisations of the Casimir elements M2. However, it is not
clear how to extend this observation to g 6= 0 as the corresponding angular momentum
operators Mij start depend on the parameter n of the algebra so(n) via the summation
term of the Dunkl operator. So the algebras H
so(n)
g (W ) for different n do not naturally
embed one into another already for W = Sn.
Nonetheless, in the gl(N) case a version of this construction exists at least for classical
Coxeter groups W . In this case a correction E′ii of the operator Eii by group algebra
elements is known so that [E′ii, E
′
jj ] = 0 [36]. It would be interesting to try to extend this
construction to other finite reflection groups W and to try to modify Casimir elements
M2 to a commuting family. It is not plausible though that modification purely by group
algebra elements is possible in the so(N) case. A more general algebra at g = 0 one can
alternatively start with is the quantum shift of argument algebra (see [37, 38]) in which
case one allows operators of order higher than 2.
In the case of gl(N) and classical Coxeter groups W it follows from [8] (for W =
AN−1) and [39] (for W = BN , DN ) that the algebra H
gl(N)
g (W ) contains a complete set of
Liouville quantum integrals for the Calogero-Moser Hamiltonian in harmonic confinement.
Indeed, it is shown that a complete set of commuting quantum integrals is expressed via
the combinations a+i ai. This suggests that the symmetry algebra H
so(N)
g (W ) might also be
the right one for the angular Calogero-Moser Hamiltonian. We also note that the algebra
and the above description of its centre has been recently explored in the study of Calogero-
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Moser deformation of the Coulomb problem and, in particular, for the construction of the
generalisation of the Runge-Lenz vector [40, 41].
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